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Interpolation

We have function f and sample points

Y= B]f (¥) = [1%5]'

We want to approximate f with a linear
function

m(x) = ag + a;x.
We need to solve
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Interpolation

We have function f and sample points
1 2] f(y) = [15] :

We want to apprommate f with a linear
function

Y =

m(x) = apg + a1x1 + ax,.
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Interpolation

We have function f and sample points

7= fos| 2%

We want to approximate f with a linear |
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DFO Algorithm Using Interpolation

Start with some x™ and some A.
LOOP:

1. Getasample set {yo, Vi, V2, ", yp};
Calculate the interpolation model m(x);

Solve x; « min m(x);
X€ETR

If f(x;) < f(x¥), then x* « xq;
Adjust A accordingly.

A



Interpolation

We have function f and sample points
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We want to approximate f with a linear
function
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m(x) = ag + alx
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We need to solve
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Basis

Is there a “correct” one?

d(x,x) =11 x; x, x12 X1X7 x%]T

1 2 1 zT
¢(x1»x2)=[1 X1 X2 §x1 X1X2 Exz

NO! And this is also correct.

1 T
¢ (x1,x3) = [1 X1+ X, Xo— X1+ X1%; §x12 — X1 X1X Ex% + 3.14]



Basis

If we call this natural basis
¢(x) = [1 X1 X2 %Xf X1X2 %xzzr,
then any basis
p(x) = P $(x)
with non-singular P is a valid basis.
Let p + 1 be the length of ¢ (x), then P € RPFLx@+1),



Interpolation

Given the form of m(x), if there are p + 1 coefficients, we need p + 1
sample points to uniquely define the interpolation model. Let them be

(Yo, Y1, Y2, Wp }

P (o) (Vo)
(1) 7o|fOon

b(v) f ).

then we can get the interpolation model m(x) = a’ ¢(x) by solving
ba = f.

Let ® = , and a be all the coefficients,




Something to Consider
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Something to Consider
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Poisedness

means how well a sample set is distributed in an area for interpolation
purpose

* How to measure poisedness exactly (mathematically)?

* How do we improve poisedness?



Poisedness \/ Remember ba = f7

S Let cond(®) be our measure of poisedness!

1 1 0

],Cond(db) =3.7321 o=

1 0 0
1 1 0
1 0.9950 0.0998

] ,cond(®) = 30.2128




But that really depends on the basis. The
vj@’% condition number can be anything in |1, ).Let

Poisedness = @~

¢(x) = [1—2x; —0.0501x,, x; —9.9699x,, 10.0200x,]"

1 0 0

d=| 0 1 0o |, 1 0 0
0.9499 —9.9699 10.0200 d=(0 1 0f,cond(d)=1

0 0 1

cond(®) = 20.0802
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What about |®]?

1 0 O 1 0 0
d=11 1 0|, |P|=1 d= |1 1 o |, |®|=0.0998
1 0 1 1 0.9950 0.0998

b 15 15 03 b 15 -15 b3



\: What about |®|? Let
POiSGd NEeSsSSs - E ) d(x) = [1—x; —0.0501x,, x; —9.9699x,, 10.0200x,]

determinant of product = product of determinant

: 0 0 ] 10 0
b = 0 1 0 , _ B
0.9499 —9.9699 10.0200 b= g (1) f @] =1

|| = 10.0200




1 -1 05
1 0 0

Poisedness ¢ =

1 1 05

qguadratic interpolation on 1D function

1
m(x) = ayg + ax + Eazxz
( ) X
C ] >
1 1




Poisedness

Cool, we just need to find the sample set with max |®|,
but this intuition correct?

And what about Lagrange polynomial?



Lagrange Polynomial

Definition 3.3. Given a set of interpolation points Y = {y°, y!,..., yP}, a basis of p| =
p+ 1 polynomials{ j(x), j=0,..., p, in P4 is called a basis of Lagrange polynomials if

- 1 if i=
ej(yl):(sif:{ojfi;éj.

Lemma 3.4. If Y is poised, then the basis of Lagrange polynomials exists and is uniquely
defined.

Lemma 3.5. For any function f : R" — R and any poised set Y = {y", y',..., yP} C R%,
the unique polynomial m(x) that interpolates f(x) on Y can be expressed as

p
m(x) = ) f(y)ei(x),
=0

where {£;(x),1 =0,..., p} is the basis of Lagrange polynomials for Y.



Lagrange Polynomial

sample: {[g] [o] [3]

1 0 0 <o)’
=11 1 0 <oy’

1 -1 -1 Clox) =1—x1 —x;
AT=10 1 0| €lL@)=0+x+0

0 0 1) €LE®=0+0+x




Lagrange Polynomial

Definition 3.3. Given a set of interpolation points Y = {y°, y!,..., yP}, a basis of p| =
p—+1 polynomials?{ j(x), j =0,..., p, in P4 is called a basis of Lagrange polynomials if

. 1 if i=
gj(yl)zaijz{Oifi;ﬁj.

0 1 0
sample:
P {[0] [0] [1]} Definition 3.3: P4 =1
100 < p(yo)”
d=1|1 1 O &Eop(y)T
1 0 1 <oy
I =1 -1 €ip(0)=1-x—x,
AT=10 1 0| €Lx)=0+x+0
0 0 1 <CLx)=04+0+x,



Lagrange Polynomial

Lemma 3.4. If Y is poised, then the basis of Lagrange polynomials exists and is uniquely

defined.

sample: {[g] [o] [3]

100 & p(yo)T
=11 1 0 coply)T

1 0 1 <oy )T

I =1 -1 €ip(0)=1-x—x,
AT=10 1 0| €Lx)=0+x+0

0 0 1 <CLx)=04+0+x,

Lemma 3.4:
If @ is nonsingular, A is unique.



Lagrange Polynomial

Lemma 3.5. For any function f : R" — R and any poised set Y = {y", y', ..., yP} C R7,
the unique polynomial m(x) that interpolates f(x) on Y can be expressed as

p
m(x) = Y f(y)i(x),
1=0

where {£;(x),1=0,..., p} is the basis of Lagrange polynomials for Y.

sample: {[8] [(1)] [(1)]} Lemma 3.5:
m(x) = ¢p(x)TAf, because
1 00 & d(yo)T Pa=f,a=>1f =Af, m(x) = p(x)Ta
d=11 1 O & op(y)T
1 0 1 < p(y)"

AT =

0 0 1 <lLx)=04+0+x,

1 -1 _1] Clox)=1—x —x,



Lagrange Polynomial

A =1
AD =]
() A = p(x)"
()@ =)’

p
> L) = $x)
=0

The |l;(x)| measures how well the sample set spans {¢(x)|x in the trust region}



Lagrange Polynomial

[(x) D = ¢p(x)"
OTl(x) = P(x)
o)
7]’
volume when ith pointis replaced with x

which is

By Cramer’s Rule: [;(x) =

volume of the original sample set

A = max max|l;(x
OsiprETRl l( )l

A is a measure of poisedness, and the volume can be increased by a
factor of A if we replace y; with x.



The Theory

Write f in the form of its Taylor expansion about z:

1 1
fyi) = f@) + Vf(@)(y: —z) + EVZf(l’)(yi —x)? + QV?’f(ﬂ?)(yi —a)’
where V? f(x)(y; — x)® means the inner product of V?f(z) and three (y; — x) vectors.

Let t be the dth order tylor expansion of f:

t(yi) = f(x) +Vf(x)(yi —x)+ -+ avdf(x)(yi — )%

The Taylor series with explicit remainder gives

1
(d+1)!

I(f =) ()| = VL (6 (s — x)0

for some & = B(y; — x) with some 3 € [0,1]. If V¢f is Ly Lipschitz continuous, then ||[V4+!f(¢)|| < Ly and

L,

d+1
(d+1)! 7

(f =) ()] <

lyi — |



Then for any 0 <r <d

Let r =0,d = 2 and we have

((f =t) (i)l <

Lq
@ oy el

IVim(z) = V" f(z)]]
= [V (m =t)(z) = V'(f = t)(2)]]
= [V (m —t)(z)]

Z _tyzvr<)

1=0 T
(@) — /(@)
DIUCRVEE
< %A(ZA)

where A is the radius of the trust region.



