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Interpolation

We	have	function	𝑓 and	sample	points

𝑌 = 1
2 , 𝑓 𝑌 = 1

1.5 .

We want to approximate 𝑓 with a linear 
function 

𝑚 𝑥 = 𝛼= + 𝛼?𝑥.
We need to solve 

1 1
1 2

𝛼=
𝛼? = 1

1.5 . 
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Interpolation

We	have	function	𝑓 and	sample	points

𝑌 =
1
1.5
2

, 𝑓 𝑌 =
1
0.8
1.5

.

We want to approximate 𝑓 with a linear 
function 

𝑚 𝑥 = 𝛼= + 𝛼?𝑥 + 𝛼@𝑥@.
We need to solve 
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DFO Algorithm Using Interpolation

Start with some 𝑥∗ and some Δ. 
LOOP: 
1. Get	a	sample	set	 𝑦=, 𝑦?, 𝑦@,⋯ , 𝑦J ;
2. Calculate the	interpolation	model	𝑚(𝑥);
3. Solve 𝑥? ← 𝑚𝑖𝑛

S∈UV
𝑚(𝑥);

4. If 𝑓 𝑥? ≤ 𝑓 𝑥∗ , then 𝑥∗ ← 𝑥?;
5. Adjust Δ accordingly. 
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Basis 

Is there a “correct” one? 

𝜙 𝑥?, 𝑥@ = 1 𝑥? 𝑥@ 𝑥?@ 𝑥?𝑥@ 𝑥@@ U

𝜙 𝑥?, 𝑥@ = 1 𝑥? 𝑥@
1
2
𝑥?@ 𝑥?𝑥@

1
2
𝑥@@

U

NO! And this is also correct.
𝜙 𝑥?, 𝑥@ = 1 𝑥? + 𝑥@ 𝑥@ − 𝑥? + 𝑥?𝑥@

1
2
𝑥?@ − 𝑥? 𝑥?𝑥@

1
2
𝑥@@ + 3.14

U



Basis 

If we call this natural basis 

[𝜙 𝑥 = 1 𝑥? 𝑥@
?
@
𝑥?@ 𝑥?𝑥@

?
@
𝑥@@

U
,

then any basis 
𝜙 𝑥 = 𝑃 [𝜙 𝑥

with non-singular 𝑃 is a valid basis. 
Let 𝑝 + 1 be the length of [𝜙 𝑥 , then 𝑃 ∈ ℝ J_? ×(J_?). 



Interpolation

Given the form of 𝑚(𝑥), if there are 𝑝 + 1 coefficients, we need 𝑝 + 1
sample points to uniquely define the interpolation model. Let them be 

𝑦=, 𝑦?, 𝑦@,⋯ , 𝑦J . 

Let Φ =

𝜙 𝑦= U

𝜙 𝑦? U

⋮
𝜙 𝑦J

U

,  𝑓 =

𝑓(𝑦=)
𝑓(𝑦?)
⋮

𝑓(𝑦J)

, and 𝛼 be all the coefficients, 

then we can get the interpolation model 𝑚 𝑥 = 𝛼U𝜙 𝑥 by solving
Φ𝛼 = 𝑓 .



Something to Consider 
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Something to Consider 
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Poisedness

means how well a sample set is distributed in an area for interpolation 
purpose

• How to measure poisedness exactly (mathematically)? 
• How do we improve poisedness? 



Poisedness

Φ =
1 0 0
1 1 0
1 0 1

, cond(Φ) = 3.7321 Φ =
1 0 0
1 1 0
1 0.9950 0.0998

, cond(Φ) = 30.2128

Remember Φ𝛼 = 𝑓? 
Let cond(Φ) be our measure of poisedness! 
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Poisedness

Φ =
1 0 0
0 1 0

0.9499 −9.9699 10.0200
,

cond(Φ) = 20.0802

Φ =
1 0 0
0 1 0
0 0 1

, cond(Φ) = 1

But that really depends on the basis. The 
condition number can be anything in 1,∞ .Let

𝜙 𝑥 = 1 − 𝑥? − 0.0501𝑥@, 𝑥? − 9.9699𝑥@, 10.0200𝑥@ U
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Poisedness

Φ =
1 0 0
1 1 0
1 0 1

, Φ = 1 Φ =
1 0 0
1 1 0
1 0.9950 0.0998

, Φ = 0.0998

What about Φ ?
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Poisedness

Φ =
1 0 0
0 1 0

0.9499 −9.9699 10.0200
,

Φ = 10.0200

Φ =
1 0 0
0 1 0
0 0 1

, Φ = 1

What about Φ ? Let
𝜙 𝑥 = 1 − 𝑥? − 0.0501𝑥@, 𝑥? − 9.9699𝑥@, 10.0200𝑥@

determinant of product = product of determinant
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Poisedness
quadratic interpolation on 1D function

𝑚 𝑥 = 𝛼= + 𝛼?𝑥 +
1
2
𝛼@𝑥@
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Poisedness

Cool, we just need to find the sample set with max Φ ,

but this intuition correct?

And what about Lagrange polynomial?



Lagrange Polynomial 



Lagrange Polynomial 
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ß𝜙 𝑦? U

ß𝜙 𝑦@ U

ß 𝑙= 𝑥 = 1 − 𝑥? − 𝑥@
ß 𝑙? 𝑥 = 0 + 𝑥? + 0
ß 𝑙@ 𝑥 = 0 + 0 + 𝑥@



Lagrange Polynomial 

sample: 0
0

1
0

0
1

Φ =
1 0 0
1 1 0
1 0 1

𝐴U =
1 −1 −1
0 1 0
0 0 1

ß𝜙 𝑦= U

ß𝜙 𝑦? U

ß𝜙 𝑦@ U

ß 𝑙= 𝑥 = 1 − 𝑥? − 𝑥@
ß 𝑙? 𝑥 = 0 + 𝑥? + 0
ß 𝑙@ 𝑥 = 0 + 0 + 𝑥@

Definition 3.3: Φ𝐴 = 𝐼



Lagrange Polynomial 

sample: 0
0

1
0

0
1

Φ =
1 0 0
1 1 0
1 0 1

𝐴U =
1 −1 −1
0 1 0
0 0 1

ß𝜙 𝑦= U

ß𝜙 𝑦? U

ß𝜙 𝑦@ U

ß 𝑙= 𝑥 = 1 − 𝑥? − 𝑥@
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Lemma 3.4: 
If Φ is nonsingular, 𝐴 is unique. 



Lagrange Polynomial 

sample: 0
0

1
0

0
1

Φ =
1 0 0
1 1 0
1 0 1

𝐴U =
1 −1 −1
0 1 0
0 0 1

ß𝜙 𝑦= U
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ß𝜙 𝑦@ U
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Lemma 3.5: 
𝑚 𝑥 = 𝜙 𝑥 U𝐴𝑓, because
Φ𝛼 = 𝑓, 𝛼 = Φk?𝑓 = 𝐴𝑓, 𝑚 𝑥 = 𝜙 𝑥 U𝛼



Lagrange Polynomial 

Φ𝐴 = 𝐼
𝐴Φ = 𝐼

𝜙 𝑥 U𝐴Φ = 𝜙 𝑥 U

𝑙 𝑥 UΦ = 𝜙 𝑥 U

l
mn=

J

𝑙m 𝑥 𝜙(𝑦m) = 𝜙(𝑥)

The |𝑙m 𝑥 | measures how well the sample set spans 𝜙(𝑥) 𝑥 in the trust region



Lagrange Polynomial 

𝑙 𝑥 UΦ = 𝜙 𝑥 U

ΦU𝑙(𝑥) = 𝜙(𝑥)

By Cramer’s Rule:  𝑙m 𝑥 =
q(r)
s

qt , which is
uvwxyz {|z} m~| �v�}~ �� �z�w��z� {�~| S

uvwxyz v� ~|z v����}�w ��y�wz �z~
.

Λ = max
=� m�J

max
S∈UV

𝑙m(𝑥)

Λ is a measure of poisedness, and the volume can be increased by a 
factor of Λ if we replace 𝑦m with 𝑥. 



The Theory




